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Abstract
Magnetization processes and phase transitions in a geometrically frustrated
triangular lattice Ising antiferromagnet in the presence of an external magnetic
field and a random site dilution are studied by the use of an effective-field theory
with correlations. We find that the interplay between the applied field and the
frustration-relieving dilution results in peculiar phase diagrams in the temperature-
field-dilution parameter space.
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1 Introduction
The Ising model with nearest-neighbor antiferromagnetic interactions on a tri-
angular lattice is fully frustrated due to local geometric constraints that prevent
simultaneous minimization of all the pairwise interactions. It has been solved ex-
actly and found to display no ordering at any finite temperatures [1,2]. Only at T = 0
K the model displays a critical phase with algebraically decaying correlations [3].
The ground state is highly degenerated and thus even a small perturbation can cause
that the system will choose an ordered state. Such a perturbation can be an external
magnetic field, which by several studies has been shown to produce a line of second-
order phase transitions for a certain range of the field values [4–6]. At the transition
the system passes from the ferrimagnetic phase with two sublattices aligned parallel
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and one antiparallel to the field at lower temperatures (↓↑↑) to the paramagnetic
phase in which all spins are aligned parallel to the field at higher temperatures (↑↑↑).
As a result of the frustration, at low temperatures the magnetization versus field
curves display a broad plateau with the value of m = 1/3. Similar stepwise plateaus
with different magnetization values have also been observed in some other lattices,
such as the recursive lattice [7], the zig-zag ladder [8, 9] and even on the cluster
level [10,11]. However, besides the magnetic field, the degeneracy of the system can
also be removed by considering the interactions of more distant neighbors [12–15].
Diluting the system with nonmagnetic impurities in zero field locally relieves
frustration and can lead to a spin-glass order [16, 17], although this scenario re-
mains controversial for the current 2D system [18]. Spin-glass ordering has also been
observed in another highly frustrated Ising antiferromagnet on a fcc lattice for a cer-
tain range of the magnetic concentration [19]. In Ref. [20] the effects of doping the
triangular Ising antiferromagnet with slow moving holes has been studied. Besides
the site-dilution problem, also a bond-dilution problem [21] and a random-bond
Ising model [22] on a triangular lattice have been investigated. In contrast to the
uniform dilution, if only one sublattice of the triangular lattice is diluted then a
long-range order can develop in the remaining two sublattices already at relatively
low concentrations of the impurities [23]. Very recently, Yao [24] has studied how
dilution can modulate the frustration effect in the system in a field. For example,
he found that even a small dilution causes that the broad frustration-induced 1/3
magnetization plateau splits into a stepwise curve. The importance of such studies is
amplified by the fact that there are some corresponding real magnetic compounds,
such as Ca3Co2O6, that have been experimentally found to display some unconven-
tional frustration-induced features [25] and the current model has been successfully
employed in their explanation [26, 27].
Motivated by the previous interesting findings, the objective of the present work
is to systematically study effects of the uniform site dilution on the phase transitions
in the triangular lattice Ising antiferromagnet in a field.
2 Model and effective-field approach
The model Hamiltonian is given by
H = −J
∑
<i,j>
ξiξjSiSj − h
∑
i
ξiSi, (1)
where Si = ±1, are the Ising spin variables, h is the external magnetic field, J < 0 is
the exchange interaction constant, and < i, j > is the sum extending over all nearest
neighbor (NN) pairs. ξi are quenched, uncorrelated random variables chosen to be
equal to 1 with probability p, when the site i is occupied by a magnetic atom and
0, with probability 1 − p otherwise. Then the probability distribution is given by
P (ξi) = pδ(ξi−1)+(1−p)δ(ξi) and p represents the mean concentration of magnetic
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sites.
We employ an effective-field theory (EFT) with correlations (see e.g., [28]), based
on a single-site cluster approximation with the attention focused on a cluster com-
prising just a single spin, labeled i, and the NN spins with which it directly interacts.
Following Ref. [29] we get the exact relation
ξi〈Si〉 = ξi〈tanh[β(J
z∑
j=1
ξjSj + h)]〉, (2)
where z is the number of NNs of the site i (i.e., the coordination number), β =
1/kBT , and 〈. . .〉 denotes a thermal average for a fixed spatial configuration of the
occupied sites. Applying the differential operator technique [30] to the identity (2)
and using the exact relations
exp(λξj) = ξj exp(λ) + 1− ξj, (3)
exp(µSj) = cosh(µ) + Sj sinh(µ), (4)
one obtains
ξi〈Si〉 = ξi
〈 z∏
j=1
[ξj cosh(βJD) + ξjSj sinh(βJD) + 1− ξj]
〉
tanh(x+ βh)|x=0, (5)
where D = ∂/∂x is the differential operator. In order to carry out the configurational
averaging over the occupational numbers ξi, let us assume that NNs of the site i are
completely independent of each other by taking an approximation
〈SjSk . . . Sl〉 ≈ 〈Sj〉〈Sk〉 . . . 〈Sl〉. (6)
In spite of this simplification, we note that this approximation is quite superior to
the standard mean-field theory, since here, by using Van der Waerden identity (4),
the relations like S2j = 1 are exactly taken into account.
However, unlike on some other lattices, on a triangular lattice NNs of the central
spin i include pairs of spins that are also mutual NNs and, therefore, their decoupling
by the approximation (6) could result in rather high inaccuracies. Even more impor-
tantly, such a straightforward application of EFT would lead to a complete lost of
the frustration and therefore inevitably incorrect results. In order to include all the
NN interactions and the effect of the geometrical frustration, we chose to partition
the lattice into three interpenetrating sublattices A, B and C in such a way that
spins on one sublattice only interact with spins from the other two sublattices (see
Fig. 1). Then all the NN interactions are accounted for and the frustration arises
from the effort to simultaneously satisfy all the mutual intersublattice interactions,
which are antiferromagnetic and isotropic i.e., JAB = JAC = JBC ≡ J < 0. As an
example, let us consider the situation in a selected triangular plaquette i in Fig. 1. If
the spin SiA is in the state +1 then the energy is minimized if all its NNs, including
SiB and SiC, are in the state −1. However, for the spin SiB in the state −1 it would
be energetically favorable if all its NNs, including SiA and SiC, were in the state +1,
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which creates frustration for the spin SiC. Given the lattice partition, the expression
(5) can be written for individual sublattices in the form
ξi〈Si〉 =ξi
〈 z1∏
j=1
[ξj cosh(βJD) + ξjSj sinh(βJD) + 1− ξj]
×
z2∏
k=1
[ξk cosh(βJD) + ξkSk sinh(βJD) + 1− ξk]
〉
tanh(x+ βh)|x=0, (7)
where z1, z2 are the numbers of NNs of the spin Si on a given sublattice that belong
to the remaining two sublattices. Then, by performing configurational averaging
for all three sublattices, the respective sublattice magnetizations mX = 〈ξi〈SiX〉〉c,
X=A,B and C, can be calculated from the set of coupled equations
mA = p (a+ bmB)
3 (a+ bmC)
3 tanh (x+ βh) |x=0,
mB = p (a+ bmA)
3 (a+ bmC)
3 tanh (x+ βh) |x=0,
mC = p (a+ bmA)
3 (a+ bmB)
3 tanh (x+ βh) |x=0,
(8)
where a = 1−p+p cosh (βJD), b = sinh (βJD) and p = 〈ξi〉c is the same for all three
sublattices. The explicit form of Eqs. (8) can be calculated by using the mathematical
relation exp(αD)f(x) = f(x + α). Then we can define the total magnetization per
site m = (mA + mB + mC)/3 and the order parameter o = [max(mA, mB, mC) −
min(mA, mB, mC)]/2. The latter serves to localize phase boundaries between the
ferrimagnetic (↓↑↑) and the paramagnetic (↑↑↑) phases.
[Fig. 1 about here.]
3 Results and discussion
In zero field, Eqs. (8) have only trivial solution at all temperatures, which means
that our effective-field approach reproduces the exact result of no long-range order
down to T = 0 K [1,2]. In Fig. 2 we plot the field dependence of the magnetization
at low temperatures for the pure case (p = 1) as well as diluted cases (p < 1)
with different degrees of dilution. For the pure case, the curve displays the typical
frustration-induced broad 1/3 plateau, in accordance with some previous theoretical
[24, 31] and experimental [25] observations. When the system is diluted, we can
observe formation of multiple steps at about integer values of the field h/|J | =
1, 2, 3, 4, 5, which get more pronounced as the dilution increases. This behavior is in
agreement with the Monte Carlo results [24] and it could be attributed to a gradual
flipping of some dilution-relieved spins to the field direction when the Zeeman term
contribution overcomes their exchange energy.
[Fig. 2 about here.]
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[Fig. 3 about here.]
In order to establish the phase diagrams in the temperature-field-dilution param-
eter space, we monitor the value of the order parameter o. Namely, the transition
temperature is set to the value at which the order parameter vanishes. For p = 1,
the phase boundary (curve (a) in Fig. 3) agrees quite well with those obtained in
the previous Monte Carlo mean-field, Monte Carlo and renormalization-group stud-
ies [4–6]. The quenched dilution in the present system relieves frustration, however,
only locally and thus does not support long-range ordering, in contrast to the se-
lective dilution case [23]. Indeed, as evidenced in Fig. 3 (see curves (b)-(i)), the
increasing dilution lowers the transition temperatures. Furthermore, it shrinks the
region of the field values at which the transition can occur. As already signaled by
the magnetization behavior shown in Fig. 2, the shrinking occurs discontinuously
and asymmetrically. More specifically, the initial interval of the values at which the
transitions can occur h/|J | ∈ (0, 6) for p = 1 shrinks discontinuously to (0, 5) at the
concentration p1 = 0.96, then to (1, 5) at p2 = 0.941, etc. until p6 ≡ pc = 0.802,
below which no long-range order can survive. Such behavior is illustrated in Fig. 4,
where we plot the sublattice magnetizations, the total magnetization, and the order
parameter as functions of the applied field for two values of p = 0.95 > p2 and
p = 0.94 < p2, at kBT/|J | = 0.1.
[Fig. 4 about here.]
Owing to the fact that the phase boundaries always terminate at integer val-
ues of the field as the ground state is approached, for some values of the field and
concentration we can observe a reentrant phenomenon. For example, it occurs for
p = 0.95 (curve (b) in Fig. 3) at h/|J | = 5.05, as shown in Fig. 5. The system passes
from the paramagnetic phase at low temperatures to the ferrimagnetic one at higher
temperatures and back as temperature is further increased. Such a reentrant behav-
ior can be observed in a low-field region (just below h/|J | = 1) at concentrations
p ∈ (0.932, 0.941) and in a high-field region (just above h/|J | = 5) at concentrations
p ∈ (0.934, 0.960). Thus for p ∈ (0.934, 0.941) the reentrant phenomena appear at
both ends of the boundary curve.
[Fig. 5 about here.]
In Fig. 3 we can also observe that as dilution is increased the boundary curves
start to develop a valley. First it appears for p = 0.904 at the fields just above h/|J | =
4 (see curve (d)) and gets deeper as dilution increases (curve (e)) until it disappears
at p = 0.876 and the phase transition field interval shrinks from (1, 5) to (1, 4) (curve
(f)). At the same time, another valley emerges at the fields just below h/|J | = 2 and
persists from p = 0.883 down to p = 0.865, below which the phase transition field
interval shrinks again from (1, 4) to (2, 4). Eventually, below p = 0.848 yet another
valley appears close to h/|J | = 3 (curves (g),(h)) until it disappears at p = 0.833
and the phase boundary becomes limited to the fields h/|J | ∈ (2, 3) (curve (i)).
5
The presence of multiple valleys in the same (kBTc/|J |, h/|J |) phase boundary for
some values of p enables us to observe reentrant phenomena by varying the field at
a fixed temperature. In particular, a typical pure system behavior of passing from
the paramagnetic phase at low fields to the ferrimagnetic one at higher fields and
back can change to such that, depending on the dilution and temperature values,
the system can repeat this cycle twice or even three times, as shown in Fig. 6.
The latter situation can be observed for p ∈ (0.877, 0.879). As a result, the system
displays six percolation thresholds pi, i = 1, . . . , 6, corresponding to different field
intervals, as listed in Table 1. The phase diagram in the p−h/|J | plane close to the
ground state (at kBT/|J | = 10
−6) is shown in Fig. 7. The lines exceeding the edges
at h/|J | = 2, 3, 4 signify persistence of the reentrant phenomena described above.
[Table 1 about here.]
[Fig. 6 about here.]
[Fig. 7 about here.]
4 Conclusions
We have applied an effective-field theory with correlations to study phase tran-
sitions in a geometrically frustrated site-diluted triangular lattice Ising antiferro-
magnet in a field. For the pure system our approach reproduced the exact solu-
tion of no long-range order in zero field [1, 2] and in a finite field yielded a good
agreement with the results obtained by more accurate approaches, such as Monte
Carlo simulations [4] and renormalization-group theory [5]. To our best knowledge,
we are not aware of any attempts to establish phase diagrams of the present di-
luted system. However, our results presented in Fig. 2 nicely corroborate the recent
Monte Carlo density of states investigations of magnetization processes in such a
system [24], namely the stepwise splitting of the low-temperature broad 1/3 mag-
netization plateau at integer values of the field as a result of dilution. Although
in [24] no order parameter was evaluated and therefore it is not clear which of the
jumps in the magnetization are associated with the phase transitions, it is evident
that the low-temperature transitions in that study should occur at some integer
values between 0 ≤ h/|J | ≤ 6, in accordance with our results. Since the peculiar
critical behavior with multiple reentrants observed in our study is a consequence
of such discontinuities, we speculate that they are not merely artifacts of the used
approximation and might be also reproduced in Monte Carlo simulations. Notwith-
standing, further theoretical and experimental evidence is desirable to confirm our
predictions. Suitable candidates for the experimental studies could be compounds,
such as Ca3Co2O6 or Cs3CoX3, (X=Cl or Br) [25].
6
Acknowledgments
This work was supported by the Scientific Grant Agency of Ministry of Education
of Slovak Republic (Grant No. 1/0431/10).
References
[1] G.H. Wannier, Phys. Rev. 79 (1950) 357.
[2] M. Houtappel, Physica 16 (1950) 425.
[3] J. Stephenson, J. Math. Phys. 11 (1970) 413.
[4] B.D. Metcalf, Phys. Lett. 45A (1973) 1.
[5] M. Schick, J.S. Walker, M. Wortis, Phys. Rev. B 16 (1977) 2205.
[6] R.R. Netz, A.N. Berker, Phys. Rev. Lett. 66 (1991) 377.
[7] L.N. Ananikyan, Int. J. of Mod. Phys. B 21 (2007) 755.
[8] V.V. Hovhannisyan, L.N. Ananikyan, N.S. Ananikian, Int. J. of Mod. Phys. B 21
(2007) 3567.
[9] V.V. Hovhannisyan, N.S. Ananikian, Phys. Lett. A 372 (2008) 3363.
[10] A.N. Kocharian, G.W. Fernando, K. Palandage, J.W. Davenport, Phys. Rev. B 74
(2006) 024511.
[11] A.N. Kocharian, G.W. Fernando, K. Palandage, J.W. Davenport, Phys. Rev. B 78
(2008) 075431.
[12] J. Glosli, M. Plischke, Can. J. Phys. 61 (1983) 1515.
[13] T. Takagi, M. Mekata, J. Phys. Soc. Jpn. 64 (1995) 4609.
[14] E. Rastelli, S. Regina, A. Tassi, Phys. Rev. B 71 (2005) 174406.
[15] S.E. Korshunov, Phys. Rev. B 72 (2005) 144417.
[16] G.S. Grest, E.F. Gabl, Phys. Rev. Lett. 43 (1979) 1182.
[17] C.Z. Ande´rico, J.F. Ferna´ndez, T.S.J. Streit, Phys. Rev. B 26 (1982) 3824.
[18] J.A. Blackman, G. Kemeny, J.P. Straley, J. Phys. C: Solid State Phys. 14 (1981) 385.
[19] C. Wengel, C.L. Henley, A. Zippelius, Phys. Rev. B 53 (1996) 6543.
[20] R. Moessner, S.L. Sondhi, Phys. Rev. B 62 (2000) 14122.
[21] C. Ding, Y. Deng, W. Guo, H.W.J. Blote, Phys. Rev. E 79 (2009) 061118.
7
[22] Y.L. Loh, E.W. Carlson, Phys. Rev. Lett. 97 (2006) 227205.
[23] H. Kaya, A.N. Berker, Phys. Rev. E 62 (2000) R1469.
[24] X. Yao, Solid State Communications 150 (2010) 160.
[25] V. Hardy, M.R. Lees, O.A. Petrenko, D.M. Paul, D. Flahaut, S. He´bert, A. Maignan,
Phys. Rev. B 70 (2004) 064424.
[26] Y. Kudasov, Phys. Rev. Lett. 96 (2006) 027212.
[27] R. Soto, G. Mart´ınez, M.N. Baibich, J.M. Florez, P. Vargas, Phys. Rev. B 79 (2009)
184422.
[28] T. Kaneyoshi, Acta Phys. Polonica A 83 (1993) 703.
[29] T. Balcerzak, A. Boba´k, J. Mielnicki, V.H. Truong, Phys. Stat. Sol. (b) 130 (1985)
183.
[30] R. Honmura, T. Kaneyoshi, J. Phys. C: Solid State Phys. 12 (1979) 3979.
[31] Y. Hu, A. Du, J. Phys.: Condens. Matter 20 (2008) 125225.
8
List of Figures
1 Triangular lattice partition into three sublattices A,B and C. 10
2 Magnetization vs magnetic field plots for different values of the
concentration p at kBT/|J | = 0.1. 11
3 Phase boundaries for different values of the concentration p: (a) 1,
(b) 0.95, (c) 0.94, (d) 0.9, (e) 0.878, (f) 0.87, (g) 0.85, (h) 0.838, and
(i) 0.81. 12
4 Field dependence of the sublattice magnetizations mA, mB, mC, the
total magnetization m and the order parameter o, for (a) p = 0.95
and (b) p = 0.94 at kBT/|J | = 0.1. 13
5 Temperature dependence of the sublattice magnetizations mA, mB,
mC, the total magnetization m, and the order parameter o, for
p = 0.95 (see curve (b) in Fig. 3) at h/|J | = 5.05. 14
6 Field dependence of the sublattice magnetizations mA, mB, mC, the
total magnetization m, and the order parameter o, for p = 0.878 (see
curve (e) in Fig. 3) at kBT/|J | = 0.15. 15
7 Phase diagram in the h/|J | − p parameter space near the ground
state at kBT/|J | = 10
−6. 16
9
Fig. 1. Triangular lattice partition into three sublattices A,B and C.
10
00.2
0.4
0.6
0.8
1
0 1 2 3 4 5 6
m
h / |J|
p = 1.00
p = 0.95
p = 0.90
p = 0.85
Fig. 2. Magnetization vs magnetic field plots for different values of the concentration p at
kBT/|J | = 0.1.
11
00.2
0.4
0.6
0.8
1
1.2
1.4
0 1 2 3 4 5 6
k B
T N
 
/ |J
|
h / |J|
 (a) 
 (b) 
 (c) 
 (d) 
 (e) 
 (e) 
 (f) 
 (f) 
 (g) 
 (h) 
 (h)  (i) 
Fig. 3. Phase boundaries for different values of the concentration p: (a) 1, (b) 0.95, (c)
0.94, (d) 0.9, (e) 0.878, (f) 0.87, (g) 0.85, (h) 0.838, and (i) 0.81.
12
-1
-0.5
0
0.5
1
0 1 2 3 4 5 6
h / |J|
m
o
mA
mB, mC
(a) p = 0.95
-1
-0.5
0
0.5
1
0 1 2 3 4 5 6
h / |J|
m
o
mA
mB, mC
(b) p = 0.94
Fig. 4. Field dependence of the sublattice magnetizations mA, mB, mC, the total magne-
tization m and the order parameter o, for (a) p = 0.95 and (b) p = 0.94 at kBT/|J | = 0.1.
13
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
kB T / |J|
o
m
mA
mB, mC
Fig. 5. Temperature dependence of the sublattice magnetizations mA, mB, mC, the total
magnetization m, and the order parameter o, for p = 0.95 (see curve (b) in Fig. 3) at
h/|J | = 5.05.
14
-1
-0.5
0
0.5
1
0 1 2 3 4 5 6
h / |J|
m
o
mA
mB, mC
Fig. 6. Field dependence of the sublattice magnetizations mA, mB, mC, the total mag-
netization m, and the order parameter o, for p = 0.878 (see curve (e) in Fig. 3) at
kBT/|J | = 0.15.
15
01
2
3
4
5
6
0.75 0.8 0.85 0.9 0.95 1
h 
/ |J
|
p
↑ ↑ ↑ ↓ ↑ ↑
Fig. 7. Phase diagram in the h/|J | − p parameter space near the ground state at
kBT/|J | = 10
−6.
16
List of Tables
1 Percolation thresholds pi corresponding to different field h/|J |
intervals. 18
17
Table 1
Percolation thresholds pi corresponding to different field h/|J | intervals.
h/|J | (0, 1) (1, 2) (2, 3) (3, 4) (4, 5) (5, 6)
pi p2 = 0.941 p4 = 0.865 p6 ≡ pc = 0.802 p5 = 0.833 p3 = 0.876 p1 = 0.96
18
